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What problem does base-40 arithmetic solve?

Preservation of enharmonic Base-12
" scheme
PRI TRR 111 Base-17 scheme
Uses:
o Analysis

o Interval invariant
transposition

> Make “dumb”
representations (e.g. MIDI)
smarter
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Incremental divisions of the scale

Many caused by development of
tonal music Main areas of inadequacy
-Minor scales

C Melodic Minor Scale ]

- | | -Modal music
%si_v » (4] elgloa'e_n_ oo o .

D) e O © 0 o Jjazz

C Harmonic Minor Scale blues

A | .

-7 o oo} middle-Eastern
o U © B s

other non-Western
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Where did the base-40 concept originate?

Conceived by Walter Hewlett (1986); first pub 1992

Goals: enharmonic spelling preservation, correct analysis, correct

transposition

°Reproduced at http://www.ccarh.org/publications/reprints/

oFurther elaborated in U.S. Patent 5,675,100 (7 October 1997)

http://www.google.com/patents/US5675100
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Subdivisions of the octave

and their calculations

Based on name-classes (i.e. pitch names): diatonic

Name-classes extended to chromaticism

° Include single sharps and flats mﬂ“www
oExclude E/FandB/C LLLLITLIT LTI D]
o Include E/f and B/C spans

> Accommodate alternative tuning

o Follow equal temperament
o Follow another tuning system -8~

= R} LEF R o
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Common bases in musical arithmetic

Subdivisions of the octave
*Base 7 (diatonic)
*Base 12 (semi-chromatic; MIDI)—favors equal-tempered sound

*Base 21 (fully chromatic through 1 #/b)—favors simple notation
(17+4 for B#, Cb, E#, Fb)

*Multiples of 7 (21, 35....) have similar strengths

*Base 40 (fully chromatic through 2 #/b)—favors tonal analysis,
transposition, accurate notation
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Complementarity in tonal arithmetic

Musical literacy
Tonal legibility (common-practice era)
Musical computation in integer arithmetic

Music: Intervallic complementarity

Base-10 complementarity:
If interval = 3, complement =7

If interval = 6, complement =4
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Interval sizes and qualities

Interval classes: === ————— "
M — major Pime Ind 3rd #th Sth 6Gh Tth Sth S 1k 11th 1Zh 13th  14th  15th
M = minor .
P = perfect 2 _ . Interval sizes (examples)
Aug = augmented v fﬁ e S o e Mf':uor 3rd (M) = 4 half-steps
Dim = diminished Minor 3rd (m) = 3 half —steps
2 _ | Perfect 4t (P) = 5 half-steps
%Lbari'ag =i g ; Augmented 4t = 6 half-steps
Mi2 M3 Mi6 M7 dim3ed dim7th Diminished 5t = 6 half-steps
A
% oy LS :.’?G
1)

== = - afe o =y =Y ;F;
Ps dim

aug 1 4th awgSth dim 5th ath
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Interval classes

Rest on number of semitones between two pitches

The interval class (related to overtone series)
o Prime, 4th, 5t 8ve = “perfect” intervals

o2nd 3rd gth 7th = imperfect intervals

CDEFGABCDEFGABCLCDETFT@GATEB

P

% = = o

o o 8 ; < o Tlﬁ- :
MZ M3 M6 M7 auglnd augéth

A

% i to bo
I IFLY Loiheal I Loilieal
-8 B =) ;Ebé e

Mi2 Mi3 Mi6 M7 dim 3rd dim 7th
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Complementary intervallic relations

The complement of an interval is the one required to complete the 8ve

=S =
Ml4mTmBve | M3I+mbmbve (| P44-P5mBve P54 Pl mBve M+ md mBve || M7 4 mlmive
If M2, then m7 = complement etc.
%i e H:ﬁ, —lo—8—in o
m2 + M7 = fve || m3 +Mé = Eve ﬁ:4+nugi=ﬁw diiﬂ+mg4=ﬂw mb + M3 = Bve || m7 +MIZ=8vwe
If aug2, then dim7 = complement
)
e =S =
ang?2 + dim7 ang3 + (dim6 augd + dim$ anpg5 + dim4 augt + dim3
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Intervallic complements in chords

Triads (3-note chords) consist of two interior intervals and an outer interval

A Major Minor Augmentad Diminished

%‘éﬂ R e ﬁ%#ﬂzj

“Position” of chord describes bottom-to-top arrangement of intervals
IIIIIIFllt:ncst;:u.'nsil:i{'.lm Firsi inversion Seconid inversion

LY
N
rfu I

i
i
o i
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Interval arithmetic with different bases in digital analysis

Binomial solutions: Brinkman, Boker-Heil
o Required 3 params (pitch name, octave number, inflection)

Arbitrary mappings: C=10, D=20, E=30....
o Same-sized intervals do not always produce same numbers
(depends on endpoints: F-E = 10, Eb-D = 9)

Hewlett’s base-40 system is interval-invariant:

° it produces consistent arithmetical results
o irrespective of endpoints and without binomials

> Preserves complementarity (customary) in music theory
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Enharmonic-notation tiers

Physical instrument Cultural apparatus
o [etter names
”!mmm octay (0 #S/bS)
o Octave numbers
ABCDEFGBG o Base-12 (1#/b)

o Inflection names
o Base-21 (1#/b)

o Inflection names
o Base-40 (2#/b)

Dsnr Eb
C‘nr Db
"4 l
D E

i

@Enc

CS 275A/Mus 253 2024 ELEANOR SELFRIDGE-FIELD 13




Enharmonic-notation tiers
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Third tier Fourth tier
o Hi o HitH
o # o H#t
O - ,or ° #
. b “mnb \‘ O -
> bb P
o bb
o bbb
C## /D / Ebb ] A#/Bb/Cbb

D##/E/Fb

2024 ELEANOR SELFRIDGE-FIELD

14




Musikommetrica 1992)

RapresantatLon Compakatlon af Tntarvale
L = 1
- ]
- 3
- & Intarval Dalta Intarval Dalks
e fect unison 0 octave 40
i ang. unisam 1 dim. octaua k11
L = 7
dim. sscond 4 » savarth 36
= B minor sscond 5 major sevanth a5
- » Bajor second & mavanth ET
- 1D aug. second 7 din. saventh 1
b“l e i1 dim., third e - miwkh o
- = iz minar Third 11 major siveh Ll
T majer thizd 13 minor wixth a8
mug. third 13 dim. siwth a7
- 18
- i5 dim. fourth 1€ aug. fifeh 24
parfact Fouirth 17 PaATrTacE TiFEh -k |
= 1E aug. fourth 18 dim.fifth 23
1 = 17
oL - 10
- 19
:L = i 1. The inverslon of a siwpls intarval is forty minoe
- aL that intarvsl.
l"-'l LA 3. Imtarvals may bs socross tha B = ©
. - &3 oCtaYe DOUNDATY without awtra calculations.
%1'- n d. nd intarvals suoh a8 tenths are realsted
GhL = a8 to 1s by the difference of an cotave (40).
&1 - 25 A majer tenth 17 4+ db = 853
"1 - 7 5 Limitatioms: Intsrvals lovolving notes outelds the
I’il - 28 eat, a.g9. with thres or lgl:'\l ﬂbn'g:iﬂ: Tlats,
- CANROT Dd CORpUTED PIOPET from L}
¥ ' santation. Oome urusual intsrvels will nusbers
IH?I - 10 whish svarlap tha rmbara for tha sEandsard
Wi = m intervels glven above, For emasple, the
Al - 33 quadruple sugmented unison betwesn chbl amd
.I - 1 has an intsrvel valus of 4., which ls slsoc
1 L the number for a diminished second. Thesa
l'il - 3 limitatione ocan he rescoved by ueaing salutions
N = 3% of a higher oxdex
&l - 36
BbL = a7
Bl - 2 ]
1 = 3
il - W9

Base-40 Rules
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Simple rule: Where a whole step exists
between two key names,
Insert a null token.

ABCDETFG

Example 4: "Seujzer, Trdnen, Kummer, Not" from Cantata 21, Ich hatte viel Bekiimmer

MIDI representation: 79 ™ T M1 72 80 77 73 T2
MIDI interval size: ]i |4|n|1|a|3|u |1| ll
Base-40 representation: 186 174 158 158 163 191 180 168 163
Base-40 interval size: | 12 |16 |0 | 5|28 |12 |12 | s | 5 |
Standard interval name: M3 44 - m2 m6 m3 M3 m2 m2
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From Base-40 to enharmonic preservation

MIDI to base-7 ——————

t 1
! t — T 1 e — = e
sESSEESSS =Ete= = e te g ! = ,
- TE T YT 5\7 € 7 7 8 9 % 10 11 11 12 13 12 13 =1,

b 3 T T T 1N

7 n T T T T " EY F T

Faw I I EX i3 ¥ L Cill el N = I I
e ¥ I

e/

MIDI to base-21

gpg-};*‘, b”»ﬂ i i | ! H N
1 345678910111213141516171819202122(:]/

A
M t y ! f f ! ! —]
| .Y Il | I f Il 1L Il Il Il ]
-— SN AT T T | Tan g Ew1 L) L -l IKEN J T N [ i { 1
DI to base G===

1 2 3 475 7 & ¢ 011 13 14 15 16 17 18 15 20 21 22
|
H

T L
T - T I oo -9 Fg -y PR ] T ]
e Lg Fg [ 7 e 7 | - I WA oAl 2 | oL ol { 1

7 — R T i T
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Solution: Translate from symbolic code to MIDIPIus
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What is MIDIPlus?

Replaces last 3 bits of velocity byte

Used to interpret key number

MIDIPLUS Correlation of Pitch Spelling to Specific MIDI Velocity Values

Value || Notated Pitch

$9 || pbb | Db |Ebb | Fbb | Fb |Gbb | Gb | Abb | Ab |Bbb |cbb | cb

9% || ¢ |ct | D | Eb E | F | F¢ | ¢ |6t | A | Bb B

91 | B§ | BiE |Ché | DE |DEE | Ef |ER% | Fi3 |FhRE | GHE | A% | Al
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An application: MIDIPlus in Printing

Raw MIDI to Notation (Bach Prelude in E Minor, BWV 855

BWYV855 RawMIDI
J. S. Bach WTC-I Fugue 10

S |
BASE-40_-175 186 198 215 214 215 209 215 208 215 203 215 198 215 214 215 197 208 186 181 186 197 181 175 169 198

_9 9 9 90 9 90 9 9 8 90 90 90 90 90 90 90 90 89 90 90 90 9 90 90 90 90
MIDIPLUS

Translation from symbolic code (MuseData) to MIDIPIlus to notation

BWYVS855 With Correct Spellings
J. S. Bach WTC-I Fugue 10

BASE-40-175 186 198 215 210 215 209 215 204 215 203 215 198 215 210 215 193 204 186 181 186 193 181 175 169 198
_9 9 9 9 91 9 9 9 9 9 9 9 90 9% 91 90 9 9 90 9 9 91 9% 9 90 90
MIDIPLUS
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Chords (intervallic complementarity)

Intervallic complementarity

s I I Il |
# O Q (4] I S ) Il IS ) ey O Il |
1 1 | | hey ho DO o b U I |
AV Il bt\ 11'1‘0 116 ) 18] A =d A=d 1l |
J VPO DO © =Y o =Y =Y
m2 + M7 = 8ve |l m3 + M6 = 8ve Il dim4 + aug5 = 8ve

dim5 + augd = 8vell m6 + M3 =8ve || m7 + M2 = 8ve

L)
& o R T e R R
A\ VAN Lh L. Py L. Pay 2O %O o= L < ol a7 T
o #eO %O o i o M o =3
aug?2 + dim7 aug3 + dim6 aug4 + dim5 aug5 + dim4 aug6 + dim3
3 9 1 2 2 3 3 4
5 0 6 2 8 3
A Major Minor Augmented Diminished
Chord dEflnltlons [ £an) Py Pay A2 [IPaY M2y A Ihn
ANV, M= SPps LSSy S SN M= # RN aues MV RS dims
) M3<O/ m3< '/ M< ©7°° m3<’ o/
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Relevant handouts

- it F BWV 855 | with base-4C
E-Minor Fugue with enharmonically correct notation

o http://esf.ccarh.org/MusicTheory Tutorials/Base40 Handout sup
p1.PDF

E-Minor Fugue via MIDI-to-notation:

o http://esf.ccarh.org/MusicTheory Tutorials/Base40 Handout sup
p2.PDF

Music theory tutorial:

http://esf.ccarh.org/MusicTheory Tutorials/MusicTheory Computer
Apps.htm
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http://esf.ccarh.org/MusicTheory_Tutorials/Base40_Handout_supp1.PDF
http://esf.ccarh.org/MusicTheory_Tutorials/Base40_Handout_supp2.PDF
http://esf.ccarh.org/MusicTheory_Tutorials/Base40_Handout_supp2.PDF
http://esf.ccarh.org/MusicTheory_Tutorials/MusicTheory_ComputerApps.htm
http://esf.ccarh.org/MusicTheory_Tutorials/MusicTheory_ComputerApps.htm

According to Einstein ...
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