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What problem does base-40 arithmetic solve?

Preservation of enharmonic spelling

Uses:

o Analysis

o |Interval invariant transposition

o Make “dumb” representations (e.g. MIDI) smarter

CS 275A/Mus 253 2023 ELEANOR SELFRIDGE-FIELD



Where did the base-40 concept originate?

Conceived by Walter Hewlett (1986); first pub 1992

Goals: enharmonic spelling preservation, correct analysis, correct

transposition

Reproduced at http://www.ccarh.org/publications/reprints/

Further elaborated in U.S. Patent 5,675,100 (7 October 1997)
http://www.google.com/patents/US5675100
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Subdivisions of the octave

and their calculations

Based on name-classes (i.e. pitch names): diatonic

Name-classes extended to chromaticism

° Include single sharps and flats mﬂ“www
oExclude E/FandB/C LLLLITLIT LT LT
o Include E/f and B/C spans

> Accommodate alternative tuning

o Follow equal temperament
o Follow another tuning system -8~

= R} LEF R o
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Common bases in musical arithmetic

Subdivisions of the octave

*Base 7 (diatonic)

*Base 12 (semi-chromatic; MIDI)—favors equal-tempered sound
*Base 21 (fully chromatic through 1 #/b)—favors simple notation
*Multiples of 7 (19, 35....)

*Base 40 (fully chromatic through 2 #/b)—favors tonal analysis,
transposition, accurate notation
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Why Base-40? Arithmetic complements

Musical literacy

Tonal legibility (common-practice era)
Musical computation in integer arithmetic

Music: Intervallic complementarity

Base-10 complementarity:
If interval = 3, complement =7

If interval = 6, complement =4
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Interval sizes and qualities

= o =

Interval classes: & e e e e e 20
. Pime 2nd 3l 4h Sth 6h Tih Sh h 1h 11ch 12h 13th 14th  15th
M = major
M = minor
P = perfect % — —
Aug = augmented Y32 30 5 w7 segrad mpet
Dim = diminished
A
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I 1] § ) il T i
-8 -3 =3 #’L"E =

Mi2 Mi3 M6 Mi7 dim wd dim 7th
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PFl P4 | o augl augdth awgSth dim Sth dim Sth
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Interval classes

Rest on number of semitones between two pitches &

The interval class (related to overtone series)
o Prime, 4th, 5t 8ve = “perfect” intervals

o2nd 3rd gth 7th = imperfect intervals

CDEFGABCDEFGABCLCDETFT@GATEB

P

% = = o

o o 8 ; < o Tlﬁ- :
MZ M3 M6 M7 auglnd augéth

A

% i to bo
I IFLY Loiheal I Loilieal
-8 B =) ;Ebé e

Mi2 Mi3 Mi6 M7 dim 3rd dim 7th
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Intervallic complementarity: intervals

The complement of an interval is the one required to complete the 8ve

[ 4 | TE | L | 4 | [ & ] =L |
L & | L & | s bt 1k iz L —
% a ¥ 8 o - 0 e -
Ml4dmTmive | MI+mbmBve (| P44+PimBye P54+ PdmBve Ma4+mi mEve || M7 +ml = Sve

If M2, then m7 = complement etc.

N P S i
m} + Mo = fve || Em4 + sugd = Bve

3 - £
mi+ M7 = v Iﬁms-l-ﬂng-ﬂ-:ﬂw mb + M3 = 8ve | m7 +M2Z= 8w

If aug2, then dim7 = complement

[ 4 ] A | (4] [4 ] ™ I I

™ my F= TEY Ly

ot o #g—¥o = jo—ja : .
ang? + dim7 ang3 + dimb augd + dim$S ang’s + dimd

%dﬁ
d
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Intervallic complementarity: chords

Triads (3-note chords) consist of two interior intervals and an outer interval

A Major Minor Augmentad Diminished

%‘éﬂ R e ﬁ%#ﬂzj

“Position” of chord describes arrangement of intervals

A Root position Firsi inversion Seconid inversion
% s 5 ; 6 } o I
n Root— © g~

W~ o E:‘L

Figured bass >
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Integer arithmetic in digital analysis

Binomial solutions: Brinkman, Boker-Heil
o Required 3 params (pitch name, octave number, inflection)

Arbitrary mappings: C=10, D=20, E=30....
o Same-sized intervals do not always produce same numbers
(depends on endpoints: F-E = 10, Eb-D = 9)

Hewlett’s base-40 system is interval-invariant:

° it produces consistent arithmetical results

o irrespective of endpoints and without binomials

o Preserves complementarity customary in music theory
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Enharmonic-notation tiers

Physical instrument Cultural apparatus
o [etter names
”!mmm octay (0 #S/bS)
o Octave numbers
ABCDEFGBG o Base-12 (1#/b)

o Inflection names
o Base-21 (1#/b)

o Inflection names
o Base-40 (2#/b)

Dsnr Eb
C‘nr Db
"4 l
D E

i

@Enc
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Enharmonic-notation tiers
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Third tier Fourth tier
o Hi o HitH
o # o H#t
O - ,or ° #
. b “mnb \‘ O -
> bb P
o bb
o bbb
C## /D / Ebb ] A#/Bb/Cbb

D##/E/Fb
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Base-40 Rules
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Simple rule: Where a whole step exists
between two key names,
Insert a null token.

ABCDETFG

Example 4: "Seujzer, Trdnen, Kummer, Not" from Cantata 21, Ich hatte viel Bekiimmer

MIDI representation: 79 ™ T M1 72 80 77 73 T2 71
MIDI interval size: I 4 | 4 Il.'l I:ll 8 I 3 II | 1 | 1 I

Base-40 representation: 186 174 158 158 163 191 180 168 163 158
Base-40 interval size: | 12 |16 |0 | 5|28 |12 |12 | s | 5 |

Standard interval name: M3 44 - m2 m6 m3 M3 m2 m2
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From Base-40 to enharmonic
preservation

MIDI to base-7 R

4 1 1 .
M I DI t b ¢ ‘ ‘ = ‘ ‘ = '
- . — t e e T Zr e Iy
- 5 . e e te : e
( ) ase S — = } ==~ :
5 5 77 08 9 0§ 1011 11 12 13 12 13 5=1;

2

A =
MIDI to base-21 [ D e v o s===

1”24345678910111213141516171819202]22(:1)

I
- 2
MIDI to base-40 4 E=——c—————c
S LA T T | | T EV] L] L. ] T T N [ J ( ] 1
¢ e e [# Ze we ¥ ¥ ¥ ¥R A '
1 2 3 4 35 7 8% § 10 11 13 14 15 16 17 18 16 20 21 22
; f f T L
I T s ) > | er [
o o e o e s, B S L S S S ! !
+ I
0 (o Can (o

It

| |
24 25 26 27 28 30 31 32 33 34 36 37 38 38

Solution: Translate from symbolic code to MIDIPIus
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What is MIDIPlus?

Replaces last 3 bits of velocity byte

Used to interpret key number

MIDIPLUS Correlation of Pitch Spelling to Specific MIDI Velocity Values

Value || Notated Pitch

g9 || Dbb | Db |Ebb | Fbb | Fb |Gbb | Gb | Abb | Ab [Bbb |cbb | cb

9 || ¢ |ct | p | Eb E | F | F£ | ¢ |6t | A | Bb B

o1 | Bf | B#f |C## | D& | DER | EX | ERE | FRE \FERR| GRE | A% | AR
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MIDIPlus in Printing

Raw MIDI to Notation (Bach Prelude in E Minor, BWV 855

BWYV855 RawMIDI
J. S. Bach WTC-I Fugue 10

| S ¥ |

BASE-40-175 186 198 215 214 215 209 215 208 215 203 215 198 215 214 215 197 208 186 181 186 197 181 175 169 198
_9 90 90 90 90 9 90 90 8 9 9 9 90 96 9 90 9 8 90 9 9 90 90 9 9% 90
MIDIPLUS

Translation from symbolic code (MuseData) to MIDIPIlus to notation

BWYV85S With Correct Spellings
J. S. Bach WTC-I Fugue 10

S S ¥ |

BASE-40-175 186 198 215 210 215 209 215 204 215 203 215 198 215 210 215 193 204 186 181 186 193 181 175 169 198
_9 9 90 9 91 9 90 9 90 90 90 90 90 90 91 90 90 9 90 9 90 91 9 90 90 90
MIDIPLUS
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Chords (intervallic complementarity)

Intervallic complementarity

9 I I Il |
O (8] [¢] I 1O I [ €y he %Y I |
6. sa—bo | ho——ho—ho—e e
e Vel Do 'S ki o o o o
m2 + M7 = 8ve |l m3 + M6 = 8ve Il dim4 + aug5 = 8vell dim5 + aug4 = 8vell m6 + M3 = 8ve || m7 + M2 = 8ve

(4]
O O O O iy L
z o P, 7=y ;7= ne) o #© z0 #O o
J ke £O o = =3 =3 o
aug? + dim7 aug3 + dim6 aug4 + dim5 aug5 + dim4 augb6 + dim3
3 9 1 2 2 3 3 4
5 0 6 2 8 3
a Major Minor Augmented Diminished
Chord definitions F—_— —a N —
m3=" NP3 M= Hha SPs M= # R S auss LIS QYA S AN
M) MO/ m3< "’/ M3< &/7°° m3<’ &/
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Relevant handouts

Two translations of BWV 855 expressed with base-40

E-Minor Fugue with enharmonically correct notation

o http://esf.ccarh.org/MusicTheory Tutorials/Base40 Handout sup
01.PDF

E-Minor Fugue via MIDI-to-notation:

o http://esf.ccarh.org/MusicTheory Tutorials/Base40 Handout sup
02.PDF

Music theory tutorial:
http://esf.ccarh.org/MusicTheory Tutorials/MusicTheory Computer
Apps.htm
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http://esf.ccarh.org/MusicTheory_Tutorials/Base40_Handout_supp1.PDF
http://esf.ccarh.org/MusicTheory_Tutorials/Base40_Handout_supp1.PDF
http://esf.ccarh.org/MusicTheory_Tutorials/Base40_Handout_supp2.PDF
http://esf.ccarh.org/MusicTheory_Tutorials/Base40_Handout_supp2.PDF
http://esf.ccarh.org/MusicTheory_Tutorials/MusicTheory_ComputerApps.htm
http://esf.ccarh.org/MusicTheory_Tutorials/MusicTheory_ComputerApps.htm

Remember Einstein!
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